research has Indicated (hat (he permanent magnet motor drives, which include the permanent magnet synchronous motor (PMSM) and the brushless dc motor (BDCM) could become serious competitors to the induction motor for servo applications. The PMSM has a sinusoidal back emf and requires sinusoidal stator currents to produce constant torque while the BDCM has a trapezoidal back emf and requires rectangular stator currents to produce constant torque. The PMSM is very similar to the wound rotor synchronous machine except that the PMSM that is used for servo applications tends not to have any damper windings and excitation is provided by a permanent magnet instead of a fi~ld winding. Hence the d, q model of the PMSM can be derived from the well-known model of the synchronous machine with the equations of the damper windings and field current dynamics removed. Because of tbe nonsinusoidal variation of the mutual inductances between the stator and rotor in the BDCM, it is also shown In this paper that no particular advantage exists in transforming the abc equations of the BCDM to the d, q frame. Hence the solution of the original abc equations is proposed for the BDCM. 
has indicated that the permanent .Rmagnet motor drives, which include the permanent magnet synchronous motor (PMSM) and the brushless dc motor (BDCM) could become serious competitors to the induction motor for servo applications. The PMSM has a sinusoidal back emf and requires sinusoidal stator currents to produce constant torque while the BDCM has a trapezoidal back emf and requires rectangular stator currents to produce constant torque. Some confusion exists, both in the industry and in the university research environment, as to the correct models that should be used in each case. The PMSM is very similar to the standard wound rotor synchronous machine except that the PMSM has no damper windings and excitation is provided by a permanent magnet instead of a field winding. Hence the d, q model of the PMSM can be derived from the well-known [4] model of the synchronous machine with the equations of the damper windings and field current dynamics removed. \ As is well known, the transformation of the synchronous machine equations from the abc phase variables to the d, q variables forces all si~usoidally varying inductances in the abc frame to become constant-in the d, q frame. In the BDCM motor, since the back emf is nonsinusoidal, the inductances do not vary sinusoidally in the abc frame and it does not seem advantageous to transform the equations to the d, q frame since the inductances will not be constant after transformation. -Hence it is proposed to use the abc phase variables model for the BDCM. In addition, this approach in the modeling of the BDCM allows a detailed examination of the machine's torque behavior that would not be possible if any simplifying assumptions were made.
The d, q model of the PMSM has been used to examine the transient behavior of a high-performance vector controlled PMSM servo drive [5] . In addition, the abc phase variable model has been used to examine the behavior of a BDCM speed servo drive [6] . Application characteristics of both machines have been presented in [7] . The purpose of this paper is to present these two models together and to show that the d, q model is sufficient to study the PMSM in detail while the abc model should be used in order to study the BDCM. It is therefore tutorial in nature and summarizes previously published work on the PMSM and BDCM.
The paper is arranged as follows: Section II presents the mathematical model of the PMSM. Section III presents the mathematical model of the BDCM. Section IV uses these models to present some key results to illustrate the use of these models to study both transient and steady state behavior of these drive systems. Section IV has the conclusions. /.
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-'. The stator of the PMSM and the wound rotor synchronous motor (SM) are similar.' In addition there is no difference between the back emf produced by a permanent magnet and that produced by an excited coil. Hence the mathematical model of a PMSM is similar to that of the wound rotor SM. The following assumptions are made in the derivation: 1) Saturation is neglected although it can be taken into account by parameter changes; 2) The back emf is sinusoidal; 3) Eddy currents and hysteresis losses are negligible.
With these assumptions the stator d, q equations in the rotor reference frame of the PMSM are [6], [7] Vd= Rid+ PAd-(J),Aq 
The electric torque T~=3P[~iq+(Ld-Lq)idiq]12
For constant flux operation when id equals zero, the electric torque T, = 3Aafiq12 = K,iq where K, is the motor torque constant. Note that this torque equation for the PMSM resembles that of the regular dc machine and hence provides ease of control. (1)
r:=9 (10)
The factor 3/2 exists because the Park transform defined above is not power invariant.
From the dynamic equations of the PMSM, the equivalent circuit in Fig. 1 can be drawn. During steady state operation, the d, q axis currents are constant quantities. Hence .the dynamic equivalent circuit can be reduced to the steady state circuit shown in Fig. 2 . The advantage of modeling the machine using the d, q axis equations then is the subsequent ease with which an equivalent circuit can be developed. where it has been assumed that the stator resistances of all the windings are equal. The back emfs ea, eb' and ee have a trapezoidal [6] . Assuming further that there is no change in the rotor reluctance with angle, then
Hence in state space form we have that
: -.~~~~: -:: transformation can'be made from the phase variables to d, q coordinates either in the stationary, rotor, or synchronously rotating reference frames. Inductances that vary sinusoidally in the abc frame become constants in the d, q frame. Since the back emf is nonsinusoidal in the BDCM, it means that the mutual inductance between the stator and rotor is nonsinusoidal, hence transformation to a d, q reference frame cannot be easily accomplished. A possibility is to find a Fourier series of the back emf in which case the back emf in the d, q (15) reference frame would also consist of many terms. This is considered too cumbersome hence the abc phase variable model developed above will be used without further transfor- 
From the dynamic equations of the BDCM the circuit in Fig. 3 can be drawn. ea, eb, and ee have the trapezoidal shapes characteristic of the BDCM. Because of this nonsinusoidal shape in the back emf, further simplifications in the model are difficult. The models presented previously can be used to examine both the transient and steady state behavior of PM' motor drive systems. The models of the current controllers and inverter switches have been presented previously [5J.
Some typical results that can be generated using the above models are now given. Fig. 4 shows the results when a PMSM is started up from zero to a speed of 1750 rpm. The response is slightly underdamped in the design used here. The torque is controllers are used to force the actual current to track the rectangular shaped current references. A difference between the two drives can be seen in the voltage profile. Each phase conducts for 120. in the BDCM and remains nonconducting for 60. as shown in Fig. 5 . In the PMSM on the other hand, each phase conducts continuously as shown in Fig. 4 . Steady state results of the current and back emf for example can also be studied using these models as shown in Figs. 6 and 7, respectively. Two possibilities exist. Either the transient phase can be removed in order to facilitate study of the steady state or appropriate initial conditions found so as to run the model in steady state only. Both the steady state and dynamic behavior can be studied using these models.
